Abstract. Based on the new developped planetary ephemerides INPOP13c, determinations of acceptable intervals of General Relativity violation in considering simultaneously the PPN parameters β, PPN γ, the flattening of the sun J 2 and time variation of the gravitational mass of the sun µ are obtained in using Monte Carlo simulation coupled with basic genetic algorithm. Possible time variations of the gravitational constant G are also deduced. Discussions are lead about the better choice of indicators for the goodness-of-fit for each run and limits consistent with general relativity are obtained simultaneously.
Introduction
Since the first publications of the theory of General Relativity (Einstein (1913) ), the dynamics of the solar system has demonstrated its efficiency for testing gravity theories. Examples can be given such as the measurements of the advance of perihelia (Le Verrier (1859)) of Mercury's orbit, firstly observed and then explained by General Relativity (GR), or of the asteroid Icarus's orbit (Francis (1965) ), or the measurement of the deflexion of light by the Sun during the cruise phase of Cassini probe (Bertotti et al. (2003) ). Direct implementations of alternative metrics in the equations of motion of the planets of the solar system and of spacecraft orbiting planets were also introduced (Müller et al. (2008) , Konopliv et al. (2011) , Hees et al. (2012) ) stressing the interest of using the solar system as a laboratory for testing alternative modelings of gravity. Tests based on the analysis of MESSENGER spacecraft tracking data used in the construction of INPOP ephemerides or the Cassini tracking data for the JPL DE ephemerides have also demonstrated the impact of using planetary ephemerides for eliminating possible values of parameters characterizing alternative theories of gravity (Fienga et al. (2010) , Verma et al. (2014) , Hees et al. (2014) ).
Planetary ephemerides can thus be used as a very efficient tool for several scientific applications. For example, with the INPOP planetary ephemerides developed since 2003, determinations of the flattening of the Sun J 2 , of the PPN parameters β and γ, and estimates of the perihelion advances of the 8 planets of the solar system have been obtained with considerable precision. No new advance and no β and γ deviations from unity could be exhibited, confirming the validity of general relativity to the level of 10 −5 , Verma et al. (2014) ). INPOP constraints on supplementary advances of nodes and perihelia of the planets give stringent constraints on cosmological models of gravity such as MOND (Blanchet & Novak (2011) ). The INPOP limits of violation for PPN β and γ are important constraints for certain type of tensor-scalar theories where cosmological evolution exhibits an attractor mechanism towards GRT (Damour & Nordtvedt (1993) ) or in stringinspired scalar-tensor theories where the scalar field can decouple from matter (Damour & Polyakov (1994) ).
Finally, some phenomenological tests are related to the constancy of the Newtonian gravitational constant G in time.
Variations of G are produced e.g. by alternative theories of gravity like tensor-scalar theory (see e.g. Damour et al. (1990) and Uzan (2003) ) or by some models of Dark Energy (Steinhardt & Wesley (2009) ; Füzfa & Alimi (2007) ). TheĠ/G ratio is now constrained at the level of 10 −13 with LLR analysis (Williams et al. (2004) ) but no tests combining simultaneously modifications of PPN formalism, variation of the sun flattening and of the Newtonian gravitational constant were done. Some estimations of PPN violations and ofĠ were obtained by Pitjeva & Pitjev (2013) .
The purpose of this work is to make the first simultaneous determinations of possible variations from unity of PPN parameters β, γ and of non-zero value forĠ but also in including the determination of the flattening of the Sun. We consider the equation of the advance in perihelia ∆˙ for any planet of the solar system in the PPN formalism as a good tool for monitoring the question of the determination of these parameters. We have:
where a and e are the semi-major axis and the eccentricity of the planet orbit respectively, R 2 is the Sun radius respectively and ∆˙ AS T is the advance of the planet perihelia induced by the perturbations of the asteroids. The PPN term is directly related to the Sun flatness J 2 but also to any variation of G through GM (t). The term induced by the asteroid perturbations will be taken care by the iterative fit of the ephemerides to the observations and by the determination of the masses of the perturbing asteroids. The disentangling of the PPN terms with Sun J 2 will be reinforced by the use of the eight orbits of the solar system planets and the introduction of eight different values for the semi-major axis a. A non-unity PPN γ is also introduced in the equation of the deflexion of light required for the computation of residuals as well as in the analysis of spacecraft tracking data. However as it was demonstrated in Verma (2013) , the orbital variations induced by the change in the values of the PPN γ and β parameters can be absorbed during the fit and the construction of the spacecraft orbit. No iteration is then required and only the impact of the modified deflexion of light on the deduced planetary light time has to be taken into account. By considering simultaneously the construction of planetary ephemerides built with values of PPN parameters different from unity, with a gravitational constant G varying with time and a non-zero Sun flattening, we obtain the first consistent tests of this type based on planetary ephemerides. However, because of the important number of simulations required by this approach, we use optimization method and more specifically genetic algorithm. Since their first implementations in astrophysics by Charbonneau (1995) , the genetic algorithms and the evolutionary computation have been intensively used in the dynamical studies of the extra-solar systems (Nowak et al. (2013) , Migaszewski et al. (2012) , Horner et al. (2012) , Goździewski et al. (2012) ) but also in other fields such as astrosismology, binary physics, planetology (Karnath et al. (2013 ), Siqueira Mello et al. (2014 , Henke et al. (2013) ). For the extra-solar planetary systems, the goal is to determine which combinations of planets can generate a radial velocity signature very similar to the one observed. Due to the constraints imposed by the dynamics, the algorithms applied for this type of studies can be very complex (Beaugé et al. (2012) ). In our case, only starting intervals for the varying parameters (PPN β, γ, J 2 andμ/µ) are given and a simple two crossovers algorithm is used. The applied genetic algorithm is fully described in section 4.1 and several fitness functions are discussed in sections 4.1 and 5. Corresponding results are presented in sections 4.2 and 5.3.
Implementation of GR tests in INPOP13c
The computations performed in this work are based on the new version of the INPOP ephemerides, INPOP13c. The following section introduces INPOP13c and the necessary modifications of the equations of motion in order to introduce the time variations of the Newtonian gravitational constant.
Description of INPOP13c
By the use of the tracking data of the MESSENGER mission, INPOP13a becomes an important tool for testing General Relativity close to the Sun ). The MESSENGER mission was indeed the first mission dedicated to the study of Mercury. The spacecraft orbits the smallest and closest to the sun planet of the solar system since 2011. In ) are described the methods and procedures used for the analysis of the MESSENGER Doppler and range data included in the construction of the Mercury improved ephemerides, INPOP13a as well as the determination of acceptable intervals of non-unity values for the PPN β and γ.
INPOP13c is an upgraded version of INPOP13a, fitted to LLR observations, and including new observables of Mars and Venus deduced from MEX, Mars Odyssey and VEX tracking (Morley (2012) , Morley (2013) , Marty (2013) ). Fienga et al. (2014) .
The INPOP13c adjustment of the gravitational mass of the sun was performed as recommended by the IAU resolution B2 as well as the sun oblateness (J 2 ), the ratio between the mass of the earth and the mass of the moon (EMRAT) and the mass of the Earth-Moon barycenter. Estimated values are presented on Table 1 .
Implementation of GR tests
2.2.1. PPN β, γ and J 2 Based on the procedures described in Fienga et al. (2010) , Fienga et al. (2011) and Verma et al. (2014) , evaluations of acceptable values of PPN β and γ were obtained for previous versions of INPOP by comparisons of the postfit residuals obtained with planetary ephemerides numerically integrated and fitted with values of β and γ different from unity. Such procedure was set up to answer to questions rose by alternative theories of gravitation proposing solar systems facing non-zero PPN parameters. As described in Fienga et al. (2011) and Verma et al. (2014) , a grid of sensitivity of PPN β and γ but also of supplementary advances in the perihelia and the nodes of the planets was set up and compared to observations. Such a grid is built by constructing ephemerides with non-unity PPN parameters, numerically integrated and fitted to the same data sample as the regular INPOP. We then consider the maximum differences between the postfit residuals obtained with the ephemerides built in a non relativistic frame and INPOP. The limit chosen for defining the acceptable intervals of PPN parameters leading to postfit residuals close to INPOP was largely discussed in Verma et al. (2014) leading to an optimized value of 25%.
Variation of the gravitational constant
For this work, we added in the INPOP dynamical model the possibility of constraining variations of the gravitational mass of the sun, µ, considering a variation of the mass of the sun notedṀ (often interpreted in stellar physics as the Sun mass 
0.55314 ± 0.00033 0.55223 ± 0.004 0.55915 ± NC loss) and a variation of the gravitational constantĠ. We have with µ = G × M :
At each step t of the numerical integration of the INPOP equations of motion, we then estimate :
µ/µ plays also a role in the computation of the Shapiro delay of the observables (see Moyer (2000) ). In this case, the value of µ corresponding to the date of the observation is computed with Equation 5 and re-introduced in the Shapiro delay equation (8-38) given in Moyer (2000) .
Tests are then operated by considering different values oḟ µ/µ. We use for M (J2000) the fitted mass of the sun as estimated for each planetary ephemerides (the value obtained for INPOP13c is given in Table 1 ) and for G(J2000) the Newtonian gravitation constant as defined by the IAU (Luzum et al. (2011) ). We then deduce values ofĠ/G in considering a fixed value for the Sun total mass loss (including radiation and solar winds):Ṁ
extracted from solar physics measurements and variations oḟ M /M during the 11-year solar cycle (Pinto et al. (2011) ).
Monte Carlo simulations

Principle
Following the strategy described above, an uniform sampling of PPN β, γ, J 2 andμ/µ was built in order to be used for the construction of planetary ephemerides adjusted to observations. Postfit residuals were obtained after several iterations and compared to those obtained with the nominal planetary ephemerides INPOP13c built in the GR framework with β = γ = 1 ,μ/µ = 0 and J 2 = 2.3 as given in Table 1 . The plots of the left-hand side of Figure 1 show the uniform distribution of the GR parameters obtained after 4000 runs. The right-hand side plots give the histograms of one possible selection of (β, γ, J 2 ,μ/µ) (see section 3.2). The intervals of the uniform distributions were chosen larger than the present limits found in Table 2 . For the PPN parameters β and γ, we selected an interval of ±15 × 10 −5 enclosing VLBI and LLR determinations , Lambert & Le Poncin-Lafitte (2009) ). For the Sun flattening, our interval from 1.6 × 10 −7 to 2.8 × 10 −7 also includes the values found in the literature mainly extracted from planetary ephemerides construction , 
First Results
After the constructions of the planetary ephemerides based on an uniform sampling of values for (β, γ, J 2 ,μ/µ), postfit residuals were obtained and compared with those given by INPOP13c. Criteria are then chosen for selecting values of (β, γ, J 2 ,μ/µ) leading to ephemerides close to INPOP13c. For these selected values, it is not possible to say in the light of the present accuracy of the observations if they induced noticeable violation of planetary dynamics. A possible approach for the selection of such ephemerides and (β, γ, J 2 ,μ/µ) sampling is to consider the maximum differences noted ∆(O − C) max between the postfit residuals of the non-GR ephemerides and those of INPOP13c. This strategy was used previously in Fienga et al. (2011) and Verma et al. (2014) and lead to a threshold of 25% for ∆(O − C) max as an appropriate limit for considering noticeable violations of planetary dynamics.
Because of the increase of the number of free parameters in the present simulations compared to the previous publications where only PPN β and γ were randomly modified, the postfit difference threshold was rose up to 50% in a first attempt to define violation limits. Only 15% of the 4000 runs give postfit residual differences to INPOP13c below 50% and only 1.4% runs give differences below 25% . On the right-hand side on Figure 1 , the distributions of values for β, γ, J 2 andμ/µ parameters corresponding to 15 % of the selected ephemerides are plotted. As it appears, except perhaps for J 2 , the selected values do not show a gaussian distribution even after postfit residual selections. Because on these results, an optimization of the Monte Carlo simulations based on a genetic algorithm was set up.
Optimized MC simulations with Genetic Algorithm
Principle
We consider a genetic algorithm with two crossovers 1 and a probability of mutation of 10 % as illustrated on Figure 2 . The considered chromosome 2 is here one set of four values of (β, γ, J 2 ,μ/µ) and the individual is an INPOP planetary ephemerides built in using the values of (β, γ, J 2 ,μ/µ), numerically integrated and fitted to observations in an iterative process. The fitness of each individual is the difference of its postfit residuals to INPOP13c noted ∆(O − C).
A total of 35800 runs spread over 30 generations were computed on the Paris Science et Lettres mesocentre with NEC 1472 kernels on 92 nodes. Two nodes were allocated for this work allowing 12 runs over 1 hour, one run representing the construction of about four numerically integrated and iteratively fitted planetary ephemerides. The 4000 runs of the Monte Carlo simulation presented in section 3.1 were used to initialize the algorithm as the generation 0.
We stop the generational process until the average change in the maximum differences of postfit residuals ∆(O − C) max is stabilized. As one can see on Figure 3 , these differences stabilized at about 12 000 runs corresponding to the 18th generation. A clear change of regime is then obtained with a dispersion of 0.14% before the generation 18 and of 0.03% after.
Results
On Figure 4 are given the percentages of runs with ∆(O − C) max < 50% and ∆(O − C) max < 25%. The rates of selected ephemerides increase with the number of runs reaching 50 % of the total runs for ∆(O − C) max < 50% and 14 % for ∆(O − C) max < 25%. The Gaussianity of the (β, γ, J 2 ,μ/µ) samples corresponding to the selected ephemerides is also improved as one can see on the cumulative histograms of Figure 5 and on the histograms of Figure 6 . It is then possible to estimate mean values and 1−σ standard deviations of the sample of PPN β, γ, J 2 andμ/µ corresponding to the selected ephemerides. As one can see on Figure 7 , the dispersion of the selected samples of (β, γ, J 2 ,μ/µ) decreases with the number of solutions and the percentages of selected ephemerides. The reduction of the dispersion value is generally of about a factor 2 from the generation 0 to the final generation.
The mean and σ obtained from the description of the distribution of the (PPN β, PPN γ, J 2 ,μ/µ) samples corresponding to the selected ephemerides give the intervals of acceptable violation of general relativity on the basis of postfit residual differences to INPOP13c. Table 2 gathers these estimations labelled MC+ GA 50% for the samples of parameters inducing ∆(O − C) max < 50% and MC+ GA 25% for samples inducing ∆(O−C) max < 25%, together with values found in the literature. The obtained intervals are very competitive even if the inter- vals for β and γ are larger than those obtained with INPOP13a. This was expected as variations of J 2 andμ/µ were included in these results but not in INPOP13a. However other criteria can be used for selecting the ephemerides and for defining new thresholds.
The resampling criteria
Definition
The differences between two least squares adjustments can be characterized by the χ 2 values obtained for each fit. The χ 2 is Fig. 6 : Histograms of the distribution of the PPN β, PPN γ, J 2 , andμ/µ parameters corresponding to the selected ephemerides using the criteria of 50% and the 25% differences of postfit residuals respectively, after 30 generations.
usually given by
where N is the number of data used for the adjustment, M the number of fitted parameters, σ i the estimated variance of the observation i and (O − C) i is the postfit residual of the data i. In the theory of least squares, the minimization of χ 2 is the main criteria for the convergency of the adjustment. Considering the difference between two ephemerides by their χ 2 differences, one characterizes how well the two dynamical modelings represent the weighted observations. We have then compared the χ 2 obtained with a random (PPN β, PPN γ, J 2 ,μ/µ) ephemerides with the χ 2 of INPOP13c. We note δχ 2 such difference with:
The histogram of the obtained differences noted δχ 2 is plotted on Figure 8 . As one can see, the differences can reach several orders of magnitude but can also be very small. In order to make a selection of which differences are negligible compared to the INPOP13c uncertainties, we use a method based on the resampling of the observational data sets as the observational uncertainties are the main source of error for the planetary ephemerides (section 5.2).
Resampling method
One way to evaluate the planetary ephemeris uncertainties in terms of χ 2 is to consider the differences of the χ 2 induced by (2014) (2013)) -1.315± 2.375 Binary pulsar (Kaspi et al. (1994) ) 40± 50 Heliosismology (Guenther et al. (1998)) 0± 16 Big Bang nucleosynthesis (Bambi et al. (2005)) 0 ± 4 * This value is not the published one but is calculated in using the value ofṀ/M given in section 2.2.2 the variances and bias of the observational data sets used for the fit. An interesting tool is then to use a resampling technique. By removing randomly a part of the observational sample used for the fit (Busing et al. (1999) ), one can estimate the robustness of the estimated parameters but also a realistic estimation of the postfit residuals and of the χ 2 (Cook & Weisberg (1982 ), Fay (1985 ). The variations of the χ 2 will indicate the sensibility of the fit to the observational sampling. We operate 101 runs by removing randomly 10% of the INPOP data sample. We then estimate the variation of the χ 2 in comparison to the χ 2 obtained for INPOP13c. We note:
2 gives an estimation of the variation of the χ 2 induced by the variance and bias in the data sampling. We keep as a threshold the maximum value of ∆χ 2 obtained after 101 tests of random modification of the data sample and labelled ∆χ 2 max . It gives the limit for the δχ 2 differences: a planetary ephemerides built with a random selection of (PPN β, PPN γ, J 2 ,μ/µ) is close to INPOP13c if the obtained χ 2 does not differ from the INPOP13c χ 2 by more than the maximum χ 2 differences induced by the data sample bias and variances. In the following, this test will be called the resampling criteria or noted H RS .
Results
On figure 10 , are plotted the number of selected random (PPN β, PPN γ, J 2 ,μ/µ) ephemerides based on the resampling criteria. As one can see, the number of selected ephemerides increases with the number of runs. The convergence of the algorithm is illustrated on Figure 11 where the average values of the δχ 2 for each generation are plotted regarding the cumulated number of runs. The stabilization is obtained before the 35800 runs (30th generation).
As one can see on figure 12 , the Gaussianity of the (PPN β, PPN γ, J 2 ,μ/µ) parameters corresponding to the selected ephemerides improves with the runs. Furthermore, on figure  13 , it also appears that the uncertainties deduced from these gaussian distributions of (PPN β, PPN γ, J 2 ,μ/µ) also decrease with the number of runs. For illustration we give on figure 14 the histograms of the (PPN β, PPN γ, J 2 ,μ/µ) parameters deduced for the full analysis of the 35800 runs (30 th generation). The mean values and 1-σ standard deviations of (PPN β, PPN γ, J 2 ,μ/µ) parameters extracted from these histograms are given on Table 2 .
In general, in comparison to the previous criteria of ephemeris selection based on the maximum differences in the postfit residuals (see section 3.2), the criteria based on the estimation of the variations of the χ 2 are more selective. But in 
Discussions
On Table 2 are gathered the results obtained with this work as well as very diverse estimations found in the literature. If one wants to exhibit one single set of values of acceptable intervals for the four parameters randomly modified in this work, one can consider the mean values of the most numerous selection presented in Table 2 , gathering values of (PPN β, PPN γ, J 2 ,μ/µ) inducing ephemerides with ∆(O − C) max < 50% and ephemerides selected with the resampling criteria. By considering the mean of these two selections, we then obtain the values labeled MC + GA (50 % + RS) in Table 2 .
As noticed in Verma et al. (2014) the interval of possible violations for the PPN parameters β and γ with no time variation of the Newtonian gravitational constant G and in fixing the value of the Sun flattening is as accurate as the reference values obtained with the Cassini experiment (Bertotti et al. (2003) ).
However by adding the variations ofμ/µ and J 2 , we have enlarge the possible interval of violations for the four parameters as given in line MC + GA (50 % + RS) of Table 2 . This result is consistent with the fact that these parameters are linked through their influences on the orbital elements of the planets as described by Equation 1. In opposition to Pitjeva & Pitjev (2013) , β intervals are always larger than γ intervals. This can be explained again by the Equation 1. The determination of PPN β can only be done with this equation whereμ/µ and J 2 influences can mix up with those of β and γ. In the meantime, PPN γ can be constrained by the Shapiro delay where onlyμ/µ plays a role with γ. The β intervals deduced from LLR analysis are still larger than those obtained in this work. The LLR determinations are based only on the modeling of the Moon orbit about the Earth. As explained in introduction, the planetary ephemerides provide better determinations of PPN parameters thanks to the eight equations of motion considered in the computations. The acceptable interval ofμ/µ deduced from this work is surprisingly a factor 2 more narrow than the one deduced from LLR analysis. This can again be explained by the disentangling operated between the gravitational signatures of PPN β, PPN γ, J 2 ,μ/µ by considering the eight planetary equations of motion simultaneously. Comparisons to Pitjeva & Pitjev (2013) seem to be difficult as no clear evidence of a simultaneous fit of the four considered parameters is given in their paper. In the other hand, as Pitjeva & Pitjev (2013) values are directly extracted from a least square procedure, we can expect to have small uncertainties from the least square determinations in comparison to our statistic intervals of violation including all correlations. Values extracted from Konopliv et al. (2011) were obtained with planetary ephemerides built before the use of Messenger tracking data in their construction. The subsequent improvement of the Mercury orbit is then not included in Konopliv et al. (2011) results but in Folkner et al. (2014) and its value of J 2 . Future JPL estimations of PPN parameters andμ/µ should also benefit from the improved Mercury orbit.
Finally, values obtained by astrophysical technics such as heliosismology or pulsar timing analysis are less restrictive than those obtained in the solar system. However, considering all the given figures of Table 2 one should conclude that no deviation to general relativity is noticeable for the four parameters modified simultaneously.
Conclusions
In this work we have estimated new limits of possible violations of general relativity with the PPN parameters β, γ in considering in the same time time variations of the Gravitational constant G and various values of the sun flattening. We used Monte Carlo simulations and genetic algorithm procedures for producing more than 35000 planetary ephemerides fitted to observations and compared to INPOP13c. Different criteria have been used for characterizing the closest ephemerides from INPOP13c and so, for identifying the most acceptable intervals of parameters inducing the smallest modifications to the planetary dynamics.
New tests will be implemented such as the addition of supplementary terms in the equation of motions of the planets as proposed by alternative theories (Blanchet & Novak (2011) , Hees et al. (2014) , Jaekel & Reynaud (2011) ). Tests of the equivalence principal can also be proposed for Monte Carlo simulations and genetic algorithm procedures. In the case of the planetary orbits, one would have to consider one ratio of gravitational and inertial masses for each planet which would multiply the number of runs by an important scale. 
